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In this note, we show that if X is the union of a ﬁnite collection {Xi : i = 1, . . . ,k} of weak
θ-reﬁnable subspaces and e(X) = ω, then X is a Lindelöf space. We also show that the
product of two ordinals is dually discrete. The last conclusion gives a positive answer to
a question of Alas, Junqueira and Wilson.
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0. Introduction
The notion of D-space was introduced by van Douwen (cf. [9]). A neighborhood assignment for a space X is a function φ
from X to the topology of the space X , such that x ∈ φ(x) for any x ∈ X . A space X is called a D-space, if for any neighbor-
hood assignment φ for X there exists a closed discrete subspace D of X such that X =⋃{φ(d): d ∈ D} (cf. [10]). In [10],
it was proved that a ﬁnite product of the Sorgenfrey line is a D-space. By results of [6], we know that all semi-stratiﬁable
spaces are D-spaces. So we know that all metrizable spaces and all Moore spaces are D-spaces. In [7], Buzyakova proved
that every strong Σ-space is a D-space. In 2004 (cf. [3]), Arhangel’skii proved that if X is the union of a ﬁnite collection
of spaces with a point-countable base, then X is a D-space. In 2008, Peng proved that if X is the union of a ﬁnite collec-
tion of Moore spaces, then X is a D-space (cf. [16]). The idea of D-spaces was then further developed in recent years, the
properties of αD-spaces and dually discrete spaces were discussed.
The concept of an αD-space was introduced in [5]. A space X is an αD-space if for each closed subset F of X and each
open covering U of X there exists a locally ﬁnite in F subset A of F and a mapping φ of A into U such that a ∈ φ(a) for
each a ∈ A, and the family φ(A) = {φ(a): a ∈ A} covers F . By results of [6], we know that every subparacompact space is
an αD-space. In [5], it was proved that if a regular space X is the union of a ﬁnite collection of paracompact subspaces
then X is an αD-space. In [3], it was proved that if X is the union of a ﬁnite collection of subparacompact subspaces then
X is an αD-space. Peng also proved that X is an αD-space if X is the union of ﬁnite collection of θ -reﬁnable subspaces
(cf. [17, Theorem 10]). We also know that very δθ -reﬁnable space is an αD-space (cf. [4, Theorem 1.15]).
The concept of weak θ -reﬁnable spaces was introduced in [19]. It was proved that every θ -reﬁnable space is a weak
θ -reﬁnable space and a weak θ -reﬁnable space X with countable extent (every countable closed discrete subspace of X is
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θ -reﬁnable space is an αD-space. The following question is open: Is the union of a ﬁnite collection {Xi: i  n} of weak
θ -reﬁnable subspaces an αD-space? We know that every countably compact αD-space is compact. Although the above
question is not answered in this note, we show that if X is the union of a ﬁnite collection {Xi: i  n} of weak θ -reﬁnable
subspaces and e(X) = ω, then X is Lindelöf.
The concept of dually discrete spaces was introduced in [13]. A space X is called dually discrete, if for any neighborhood
assignment φ for X there exists a discrete subspace D of X such that X =⋃{φ(d): d ∈ D}. Every D-space is dually discrete.
There has been much work on dual properties (cf. [1,2,8,13]).
In [8], it was proved that every ordinal is dually discrete. In [1], it was proved that a ﬁnite product of regular cardinals is
dually discrete. The following problem appeared in [1]: Is the product of two ordinals (hereditarily) dually discrete? In this
note, we show that a ﬁnite product of ordinals is dually discrete.
All the spaces in this note are assumed to be T1-spaces. The set of all natural numbers is denoted by N , ω is N ∪ {0}. In
notation and terminology we will follow [11].
1. On ﬁnite unions of weak θ -reﬁnable spaces
Let X be a space and let U be a family of open subsets of X . We denote ord(x, U) = |{V : x ∈ V and V ∈ U}|.
Lemma 1.1. (Cf. [18, Lemma 3].) Let U = {Uλ: λ < η} be an open cover of X and Xn = {x ∈ X: ord(x, U) n} for each n ∈ N. Then
Xn is a closed subset of X and Fn = {E(λ1, . . . , λn): λ1 < · · · < λn < η} is a discrete cover of the subspace Xn \ Xn−1 for each n 1,
where E(λ1, . . . , λn) =⋂{Uλi ∩ (Xn \ Xn−1): i  n} and X0 = ∅.
Lemma 1.2. (Cf. [16, Lemma 1].) Suppose X =⋃{Xi: 1  i  n} and F is a locally ﬁnite family of subsets of Xi for some i  n and
A = {x: x ∈ X and F is not locally ﬁnite at x}. Then A is a closed subset of X and A ⊂ X \ Xi .
Lemma 1.3. Let X = X1 ∪ X2 and e(X) = ω and let Y ⊂ X1 be a closed subspace of X1 . Let U be an open cover of X and let
V =⋃{Vn: n ∈ N} be an open reﬁnement of U , such that Y ⊂⋃Vn for each n ∈ N and for each y ∈ Y there exists some ny ∈ N such
that 1 ord(x, Vny ) < ω. If each closed subspace F of X which is contained in X2 \ X1 is Lindelöf, then there is a countable subfamily
UY ⊂ U such that Y ⊂⋃UY .
Proof. For each m ∈ N and n ∈ N , let Fmn = {x: x ∈ Y and ord(x, Vm)  n}. By Lemma 1.1, we know that Fmn is a closed
subspace of Y and Fm(n+1) \ Fmn =⋃Fm(n+1) , where Fm(n+1) is a closed and open (in Fm(n+1) \ Fmn) cover of Fm(n+1) \ Fmn
and for each F ∈ Fm(n+1) there is some V F ∈ Vm such that F ⊂ V F .
For each m ∈ N , the set Fm1 is a closed discrete family of subsets of Y and Y is a closed in X1, so Fm1 is a discrete
family in X1. Let Am1 = {x: x ∈ X and Fm1 is not locally ﬁnite at x}. Then Am1 is a closed subset of X and Am1 ⊂ X2 \ X1 by
Lemma 1.2. Thus Am1 is a closed Lindelöf subspace of X . Thus there exists a countable family U ∗1 ⊂ U such that Am1 ⊂
⋃U ∗1 .
Thus Fm1 \⋃U ∗1 =
⋃{F \⋃U ∗1 : F ∈ Fm1}. The family {F \
⋃U ∗1 : F ∈ Fm1} is locally ﬁnite in X , so {F \
⋃U ∗1 : F ∈ Fm1} is
countable since e(X) = ω.
For each F ∈ Fm1, there exists some UF ∈ U such that F \⋃U ∗1 ⊂ UF if F \
⋃U ∗1 = ∅. Thus there exists a countable
subfamily U ∗∗1 of U such that
⋃{F \⋃U ∗1 : F ∈ Fm1} ⊂
⋃U ∗∗1 . If U1 = U ∗1 ∪ U ∗∗1 then U1 ⊂ U and |U1|  ω such that
Fm1 ⊂⋃U1.
For each n ∈ N , we assume that there is a countable subfamily Uk of U such that Fmk ⊂⋃{⋃U j: j  k} for each k n.
For n + 1 ∈ N , we have Fm(n+1) \ Fmn =⋃Fm(n+1) and Fmn ⊂⋃{⋃U j: j  n}. If F ∗m(n+1) = {F \ (
⋃{⋃U j: j  n}):
F ∈ Fm(n+1)} then F ∗m(n+1) is a discrete family of subsets of Y . So F ∗m(n+1) is also a discrete family in X1. Let Am(n+1) =
{x: x ∈ X and F ∗m(n+1) is not locally ﬁnite at x}. Thus Am(n+1) is a closed subset of X and Am(n+1) ⊂ X2 \ X1 by Lemma 1.2. So
Am(n+1) is a closed Lindelöf subspace of X . Thus Am(n+1) can be covered by a countable subfamily U ∗n+1 of U . So F ∗∗m(n+1) =
{B \⋃U ∗n+1: B ∈ F ∗m(n+1)} is a locally ﬁnite family in X . Since e(X) = ω, we have |F ∗∗m(n+1)|  ω. For each C ∈ F ∗∗m(n+1)
there is some UC ∈ U such that C ⊂ UC . So there is a countable subfamily U ∗∗n+1 of U such that
⋃F ∗∗m(n+1) ⊂
⋃U ∗∗n+1. If
Un+1 = U ∗n+1 ∪ U ∗∗n+1 then Un+1 ⊂ U and |Un+1| ω such that Fm(n+1) ⊂
⋃{⋃U j: j  n + 1}. Thus ⋃{Fmn: n ∈ N} can be
covered by a countable subfamily of U by induction.
The set Y =⋃{Fmn: m ∈ N and n ∈ N}, thus there exists some countable subfamily UY of U such that Y ⊂⋃UY . 
Deﬁnition 1.4. (Cf. [19].) A space X is called weak θ -reﬁnable if for any open cover U of X there is an open reﬁnement
V =⋃{Vi: i ∈ N} such that:
(1) {⋃Vi: i ∈ N} is point-ﬁnite.
(2) For any x ∈ X there is some i ∈ N such that 1 ord(x, Vi) < ∞.
The reﬁnement V =⋃{Vi: i ∈ N} of U is said to be a weak θ -reﬁnement of U .
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Theorem 1.6. If X is the union of a ﬁnite collection of weak θ -reﬁnable subspaces and e(X) = ω, then X is a Lindelöf space.
Proof. Let X =⋃{Xi: i  k} and k ∈ N , where Xi is a weak θ -reﬁnable subspace of X for each i  k.
The proof is by induction.
(1) If k = 1 then X is Lindelöf by Lemma 1.5.
(2) Assume now that the statement holds for k = n, for some n ∈ N , and let us show that it is also true for k = n + 1.
Assume X =⋃{Xi: i  n + 1}. If X∗1 = X1 and X∗2 =
⋃{Xi: 2 i  n + 1} then X = X∗1 ∪ X∗2 . If C is a closed subset of X
and C ⊂ X∗2 \ X∗1 then C =
⋃{Xi ∩ C : 2 i  n + 1}. The set Xi ∩ C is a weak θ -reﬁnable subspace for each 2 i  n + 1
and e(C) = ω, so we know that C is Lindelöf by induction.
Let U be any open cover of X , so U |X∗1 = {U ∩ X∗1: U ∈ U} is an open cover of X∗1 . The subspace X∗1 is weak θ -reﬁnable,
thus U |X∗1 has a weak θ -reﬁnement V =
⋃{Vn: n ∈ N}. Let V∗ = {Vn: n ∈ N}, where Vn = ⋃Vn for each n ∈ N . Let
Em = {x: x ∈ X∗1 and ord(x, V∗)m} and let Em \ Em−1 =
⋃Fm for each m ∈ N , where E0 = ∅ and Fm is a discrete cover of
Em \ Em−1 and for each F ∈ Fm there exists some Vni ∈ V∗ for each i m such that F = (
⋂{Vni : i m}) ∩ (Em \ Em−1).
The set E1 =⋃F1, so we have |F1|  ω since |V∗|  ω. For each F ∈ F1, the set F is a closed subspace of X∗1 and
there exists only one nF ∈ N such that F ⊂ VnF . So for any x ∈ F we have 1 ord(x, VnF ) < ω. Thus there exists a countable
subfamily UF of U such that F ⊂⋃UF by Lemma 1.3. Let U1 =⋃{UF : F ∈ F1}. Then U1 ⊂ U and |U1|  ω such that
E1 ⊂⋃U1.
Assume we have Ui ⊂ U and |Ui |ω for each i  n such that En ⊂⋃{⋃Ui: i  n}.
The set En+1 \ En = ⋃Fn+1 and for each F ∈ Fn+1 and for each m  n + 1 there exists some Vim ∈ V∗ such that
F =⋂{Vim : m n + 1} ∩ (En+1 \ En), and F ∩ Vk = ∅ for each k ∈ N \ {im: m n + 1}. So for any y ∈ F , there exists some
m n + 1 such that 1 ord(x, Vim ) < ω.
Let F ∗n+1 = {F \ (
⋃{⋃Ui: i  n}): F ∈ Fn+1}. Then F ∗n+1 is a discrete family of closed subsets of X∗1 . If An+1 = {x: x ∈ X
and F ∗n+1 is not locally ﬁnite at x}, then An+1 ⊂ X∗2 \ X∗1 and An+1 is a closed subset of X . Thus An+1 is a Lindelöf subspace
of X . So there exists a countable subfamily U ∗n+1 of U covers An+1. For each B ∈ F ∗n+1, the set B \
⋃U ∗n+1 is a closed subset
of X∗1 and {B \
⋃U ∗n+1: B ∈ F ∗n+1} is a locally ﬁnite family in X . Thus |{B \
⋃U ∗n+1: B ∈ F ∗n+1}|ω.
For each B ∈ F ∗n+1 and for each m n+1, there is some im ∈ N such that B ⊂
⋂{Vim : m n+1} and for any x ∈ B there
is some m n+1 such that 1 ord(x, Vim ) < ω. By Lemma 1.3, there is a countable subfamily UB of U such that B ⊂
⋃UB .
Thus there exists a countable subfamily U ∗∗n+1 of U such that
⋃{B \⋃U ∗n+1: B ∈ F ∗n+1} ⊂
⋃U ∗∗n+1 since |{B \
⋃U ∗n+1:
B ∈ F ∗n+1}|ω. If Un+1 = U ∗n+1 ∪ U ∗∗n+1 then Un+1 ⊂ U and |Un+1|ω such that En+1 ⊂
⋃{⋃Um: m n + 1}.
By induction, the set X∗1 can be covered by a countable subfamily U ∗ of U . Since X \
⋃U ∗ ⊂ X∗2 and X \
⋃U ∗ is a closed
subset of X , the set X \⋃U ∗ ⊂ X∗2 is a Lindelöf subspace of X . So X \
⋃U ∗ can be covered by a countable subfamily U ∗∗
of U .
So we have proved that X can be covered by a countable subfamily U ∗ ∪ U ∗∗ of U . Thus X is a Lindelöf space. 
Corollary 1.7. If X is a countably compact space and X =⋃{Xi: i  k}, k ∈ N, where Xi is a weak θ -reﬁnable subspace for each i  k,
then X is compact.
In what follows, we will discuss the dually discrete property of the product of two ordinals.
2. On products of ordinals
Proposition 2.1. If X is a dually discrete space, then every closed subspace of X is dually discrete.
Proposition 2.2. If X =⋃{Xi: i ∈ N}, where Xi is a closed dually discrete subspace of X for each i ∈ N, then X is dually discrete.
Proof. Let φ be any neighborhood assignment on X . Thus there is a discrete subspace D1 of X1 such that X1 ⊂⋃{φ(x):
x ∈ D1}. For each i > 1, we have a discrete subspace Di ⊂ Xi \⋃{φ(x): x ∈⋃{D j: j  i − 1}} such that Xi \⋃{φ(x):
x ∈⋃{D j: j  i − 1}} ⊂⋃{φ(x): x ∈ Di}. We can see that D =⋃{Di: i ∈ N} is a discrete subspace of X such that X =⋃{φ(x): x ∈ D} and hence X is dually discrete. 
Proposition 2.3. If X = X1 ∪ X2 , where Xi is a dually discrete subspace of X for each i ∈ {1,2} and X1 is closed in X, then X is dually
discrete.
Lemma 2.4. (Cf. [1, Corollary 3.10].) If λ and μ are regular cardinals, then λ × μ is dually discrete.
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Lemma 2.6. (Cf. [8, Corollary 3.4].) Every ordinal is dually discrete.
Let μ be an ordinal with cf μω, where cf μ denotes the coﬁnality of μ. A strictly increasing function M : cf μ → μ is
said to be normal if M(λ) = sup{M(λ′): λ′ < λ} for each limit ordinal λ < cf μ, and μ = sup{M(λ): λ < cf μ} (cf. [12]).
Theorem 2.7. The product of two ordinals is dually discrete.
Proof. Let X = μ× ν , where μ and ν are ordinals. If cf μω and cf ν ω then let M : cf μ → μ and N : cf ν → ν be ﬁxed
normal functions on cf μ and cf ν , respectively.
If cf μ = 1 then μ = μ′ + 1 for some ordinal μ′ . Thus μ is compact. Let P :μ × ν → ν be the usual projection. Then the
map P is perfect. So μ× ν is dually discrete by Lemmas 2.5 and 2.6. Similarly, we have that X is dually discrete if cf ν = 1.
If cf μ = ω then μ = sup{M(n): n ∈ ω}. Thus μ =⋃{M(n)+1: n ∈ ω}. For each n ∈ ω, the set M(n)+1 is compact. Thus
we know that (M(n) + 1) × ν is dually discrete and (M(n) + 1) × ν is a closed subspace of X for each n ∈ N . So X is dually
discrete by Proposition 2.2. Similarly, we have that X is dually discrete if cf ν = ω.
In what follows, we will assume that cf μ = 1, cf ν = 1, cf μ = ω, and cf ν = ω. Thus cf μ > ω and cf ν > ω, cf μ and
cf ν are regular cardinals. So cf μ × cf ν is dually discrete by Lemma 2.4.
Let φ be any neighborhood assignment on X . For each (α,β) ∈ cf μ × cf ν we have (M(α),N(β)) ∈ μ × ν and
(M(α),N(β)) ∈ φ((M(α),N(β))). So there exist rM(α) ∈ μ and rN(β) ∈ ν such that rM(α) < M(α), rN(β) < N(β), and
(rM(α),M(α)] × (rN(β),N(β)] ⊂ φ((M(α),N(β))).
If α is a limit ordinal then M(α) = sup{M(λ): λ < α}. Thus there exists some lα < α, such that M(lα) ∈ (rM(α),M(α)].
So we let Oα = (lα,α]. If α is a successor ordinal then Oα = {α}. So Oα is an open subset of cf μ and α ∈ Oα . If β is
a limit ordinal then N(β) = sup{N(λ): λ < β}. Thus there exists some lβ < β such that M(lβ) ∈ (rM(β),M(β)]. So we let
Oβ = (lβ,β]. If β is a successor ordinal then we let Oβ = {β}. Thus Oβ is an open subset of cf ν and β ∈ Oβ . So we let
ψ((α,β)) = Oα × Oβ .
Then ψ = {ψ((α,β)): α ∈ cf μ and β ∈ cf ν} is a neighborhood assignment on cf μ× cf ν . The space cf μ× cf ν is dually
discrete, so there exists a discrete subspace D∗ ⊂ cf μ × cf ν such that cf μ × cf ν =⋃{ψ(d): d ∈ D∗}.
For each d ∈ D∗ , we let d = (d1,d2). So ψ(d) = Od1 × Od2 . Let D1 = {(M(d1),N(d2)): d ∈ D∗}. In what follows, we
will show that D1 is a discrete subspace of μ × ν and for each (α1, β1) ∈ cf μ × cf ν there is some d ∈ D∗ such that
(M(α1),N(β1)) ∈ φ((M(d1),N(d2))).
If d ∈ D∗ then d = (d1,d2). The set D∗ is a discrete subspace of cf μ × cf ν . So there exist sd1 < d1 and sd2 < d2 such
that d ∈ (sd1 ,d1] × (sd2 ,d2] = Cd and Cd ∩ D∗ = {d}. So for each d′ ∈ D∗ \ {d} we have d′1 /∈ (sd1 ,d1] or d′2 /∈ (sd2 ,d2]. Thus
M(d′1) /∈ (M(sd1 ),M(d1)] or N(d′2) /∈ (N(sd2 ),N(d2)]. Thus (M(d′1),N(d′2)) /∈ (M(sd1 ),M(d1)] × (N(sd2 ),N(d2)].
So ((M(sd1 ),M(d1)] × (N(sd2 ),N(d2)]) ∩ D1 = (M(d1),N(d2)). Thus D1 is a discrete subspace of μ × ν .
For each (α,β) ∈ cf μ × cf ν , there is some d ∈ D∗ such that d = (d1,d2) and (α,β) ∈ ψ(d) = O (d1) × O (d2). If d1 is
not a limit ordinal, then Od1 = {d1}. Thus α = d1 and M(α) = M(d1). If d1 is a limit ordinal, then Od1 = (ld1 ,d1] for some
ld1 < d1. Thus α ∈ (ld1 ,d1] and hence M(α) ∈ (M(ld1 ),M(d1)] ⊂ (rM(d1),M(d1)]. Thus we have that M(α) ∈ (rM(d1),M(d1)].
Similarly, we know that N(β) ∈ (rN(d2),N(d2)]. So (M(α),N(β)) ∈ (rM(d1),M(d1)] × (rN(d2),N(d2)] ⊂ φ((M(d1),N(d2))).
Thus {(M(α),N(β)): α ∈ cf μ and β ∈ cf ν} ⊂⋃{φ((M(d1),N(d2))): d ∈ D∗} =⋃{φ(x): x ∈ D1}, where d = (d1,d2) for
each d ∈ D∗ .
Let F = (μ × ν) \⋃{φ((M(d1),N(d2))): d ∈ D∗} = (μ × ν) \⋃{φ(x): x ∈ D1}. Thus F is a closed subset of μ × ν .
In what follows, we will show that there is some μ1 ∈ μ and ν1 ∈ ν such that F ⊂ (μ1 × ν) ∪ (μ × ν1). Suppose for any
μ′ ∈ μ, ν ′ ∈ ν , F ⊂ (μ′ × ν) ∪ (μ × ν ′). If (α1, β1) ∈ cf μ × cf ν then there is some x1 = (p1,q1) ∈ F such that M(α1) < p1
and N(β1) < q1.
Assume we have (αi, βi) ∈ cf μ × cf ν and xi = (pi,qi) ∈ F such that M(αi) < pi and N(βi) < qi for each i  n and
pi < M(αi+1) and qi < N(βi+1) for each i  n − 1. Since pn ∈ μ and qn ∈ ν and cf μ = 1 and cf ν = 1, there is αn+1 ∈ cf μ
and βn+1 ∈ cf ν such that pn < M(αn+1) and qn < N(βn+1). Thus by assumption, we have some xn+1 = (pn+1,qn+1) ∈ F such
that M(αn+1) < pn+1 and N(βn+1) < qn+1. So we have sequences {(αn, βn): n ∈ N} and {xn: n ∈ N}, where xn = (pn,qn) ∈ F
and (αn, βn) ∈ cf μ × cf ν such that M(αn) < pn , N(βn) < qn , pn < M(αn+1), and qn < N(βn+1) for each n ∈ N .
Since cf μ = ω and cf ν = ω, the sequence {(αn, βn): n ∈ N} has a limit point (α,β) in cf μ × cf ν . Since M and N
are normal functions, the points M(α) and N(β) are limit points of the sequences {M(αn): n ∈ N} and {N(βn): n ∈ N},
respectively. So (M(α),N(β)) is a limit point of the sequence {(M(αn),N(βn)): n ∈ N}. Since M(αn) < pn < M(αn+1) and
N(βn) < qn < N(βn+1), we have that (M(α),N(β)) is a limit point of the sequence {(pn,qn): n ∈ N}. Since (pn,qn) ∈ F for
each n ∈ N and F is closed in μ × ν , we have (M(α),N(β)) ∈ F . This contradicts the fact that (M(α),N(β)) ∈⋃{φ(x):
x ∈ D1} = (μ × ν) \ F .
Thus there is some μ1 ∈ μ and ν1 ∈ ν such that F ⊂ (μ1 ×ν)∪ (μ×ν1). Thus F ⊂ ((μ1 +1)×ν)∪ (μ× (ν1 +1)) ⊂ μ×ν
since cf μ = 1 and cf ν = 1. We see that (μ1 + 1) × ν and μ × (ν1 + 1) are dually discrete, thus F = [F ∩ ((μ1 + 1) × ν)] ∪
[F ∩ (μ × (ν1 + 1))] is dually discrete, by Propositions 2.1 and 2.3. So there exists a discrete subspace D2 ⊂ F such that
F ⊂⋃{φ(x): x ∈ D2}. If D = D1 ∪ D2 then X =⋃{φ(x): x ∈ D}.
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some open set Tx of μ × ν such that x ∈ Tx and Tx ∩ D1 = ∅.
For each x ∈ F , we let x = (a,b), where a ∈ μ and b ∈ ν . For each (α,β) ∈ cf μ × cf ν , we have (M(α),N(β)) /∈ F . Thus
(M(α),N(β)) = (a,b).
(1) Assume a = M(α) for each α ∈ cf μ.
If [0,a]∩{M(α): α ∈ cf μ} = ∅ then let Tx = [0,a]×ν . Then x ∈ Tx and Tx∩ ({(M(α),N(β)): α ∈ cf μ and β ∈ cf ν}) = ∅.
So Tx ∩ D1 = ∅.
If there is some β ∈ cf μ such that M(β) < a. Let Aa = {β: M(β) < a} and let γ = sup Aa . If γ is a successor ordinal
then γ ∈ Aa . Thus M(γ ) < a. We let Tx = (M(γ ),a] × ν . Then x ∈ Tx and Tx ∩ D1 = ∅. If γ is a limit ordinal then
a = sup{M(β): β ∈ Aa}. The reason is that sup{M(β): β ∈ Aa} = M(γ ) by normal property of M . Thus sup{M(β):
β ∈ Aa} = M(γ ) < a. So we let Tx = (M(γ ),a] × ν . Then Tx ∩ D1 = ∅ and x ∈ Tx .
(2) If a = M(α) for some α ∈ cf μ then b = N(β) for each β ∈ cf ν . Similarly, we have an open set Tx such that Tx ∩ D1 = ∅.
Thus for each x ∈ F , there is an open set Tx of μ × ν such that Tx ∩ D1 = ∅. Thus D = D1 ∪ D2 is a discrete subspace of
μ × ν such that μ × ν =⋃{φ(x): x ∈ D} and hence μ × ν is dually discrete. 
Lemma 2.8. (Cf. [1, Corollary 3.11].) A ﬁnite product of regular cardinals is dually discrete.
Theorem 2.9. A ﬁnite product of ordinals is dually discrete.
Proof. This is by induction and since the proof is analogous to that of Theorem 2.7, we omit it. 
In [15], it was proved that if X is countably compact and X =⋃{Xn: n ∈ N}, where Xn is a D-space for each n ∈ N ,
then X is compact. In [13], it was pointed that ω1 is dually discrete. So ω1 is a dually discrete countably compact space,
but it is not compact. A space is discretely complete if every discrete subspace of X has a complete accumulation point in X
(cf. [1, p. 1421]). We know that every discretely complete space is countably compact. In [1], it was proved that a space is
compact if and only if it is dually discrete and discretely complete. In fact, using a method similar to that of [1], we have:
Theorem 2.10. If X is discretely complete and X =⋃{Xn: n ∈ N}, where Xn is a dually discrete subspace of X for each n ∈ N, then X
is compact.
Proof. Suppose X is not compact. Then for some cardinal κ there is an open cover U = {Uα: α ∈ κ} of X which has no
ﬁnite subcover. We may assume that κ is minimal with respect to this property. So U has no subcover of cardinality less
then κ . X is countably compact, so cf (κ) > ω. Let φ(x) = Uαx , where αx = min{α: x ∈ Uα and α ∈ κ}. For each n ∈ N , there
is a discrete subspace Dn ⊂ Xn such that Xn ⊂⋃{φ(x): x ∈ Dn} since Xn is dually discrete. So there is some n ∈ N such
that |Dn| = κ . We may assume φ(x) = φ(y) for any distinct points x and y of Dn . The set Dn has a complete accumulation
point z ∈ X . There is some β ∈ κ such that z ∈ Uβ . Thus |Uβ ∩ Dn| = κ . So for each y ∈ Uβ ∩ Dn , we have αy  β which is
a contradiction. 
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